Abstract-Introduction: Spatial and temporal processing of intracardiac electrograms provides relevant information to support the arrhythmia ablation during electrophysiological studies. Current cardiac navigation systems (CNS) and electrocardiographic imaging (ECGI) build detailed 3-D electroanatomical maps (EAM), which represent the spatial anatomical distribution of bioelectrical features, such as activation time or voltage. Objective: We present a principled methodology for spectral analysis of both EAM geometry and bioelectrical feature in CNS or ECGI, including their spectral representation, cutoff frequency, or spatial sampling rate (SSR). Methods: Existing manifold harmonic techniques for spectral mesh analysis are adapted to account for a fourth dimension, corresponding to the EAM bioelectrical feature. Appropriate scaling is required to address different magnitudes and units. Results: With our approach, simulated and real EAM showed strong SSR dependence on both the arrhythmia mechanism and the cardiac anatomical shape. For instance, high frequencies increased significantly the SSR because of the "early-meets-late" in flutter EAM, compared with the sinus rhythm. Besides, higher frequency components were obtained for the left atrium (more complex anatomy) than for the right atrium in sinus rhythm.
I. INTRODUCTION
E LECTRIC potential measurements inside the heart, socalled electrograms (EGM), are used to support clinicians in the treatment of cardiac arrhythmias during the electrophysiological studies (EPS). The knowledge of the precise position of each EGM can help to apply the therapy, usually cardiac ablation, in a more effective way. Given that there is no medical image modality allowing the clinician to visualize the threedimensional (3D) cardiac bioelectricity, several technologies have been proposed to this end, namely, Cardiac Navigation Systems (CNS) or Electrocardiographic Imaging (ECGI) [1] , [2] . In both systems, a mesh of the cardiac chamber surface is first built to visualize its anatomical shape, and then to provide a 3D electroanatomical map (EAM) of a bioelectrical feature of interest (such as activation time, or voltage amplitude). The anatomical mesh is composed by a set of vertices in the 3D space joined by triangular faces. The bioelectrical feature is also associated to each vertex as an additional dimension.
Until recently, CNS allowed to build the EAM by sequentially registering EGMs and their corresponding anatomical positions in the cardiac endocardium, and then a basic interpolation method was used to help in the EAM visualization. However, the most recent CNS use multielectrode catheters and fast acquisition of a much higher number of electroanatomical samples, which are subsequently filtered to provide sets of quality signals [3] - [5] . Current ECGI systems also supply a large number of virtual EGMs on the epicardium compared to traditional CNS [1] . As far as we are presently working with several thousands of anatomically recorded EGMs, there is a need for moving from heuristically based information processing procedures to advanced and principled algorithms allowing to handle the redundancy and spatio-temporal correlations from currently available cardiac bioelectric measurements.
While Fourier analysis (FA) has been often used as a wellfounded technique for frequency domain analysis in uniformly sampled spaces [6] , a variety of mesh Laplacian operators have been proposed as an approximation of the Fourier Transform (FT) on 2-manifold surfaces [7] . Among these Laplacian operators, this work uses the discrete Laplacian operator based on Manifold Harmonics Analysis (MHA) proposed by [8] . We considered triangle meshes of EAM as closed 2-manifolds. Spectral analysis has been highly informative about cardiac arrhythmia mechanisms from ECG and EGM time signals [9] , however, there is no principled theory suitable for handling basic concepts of spectral analysis in EAM embedded in 2-manifolds.
Therefore, our first objective in the present work was to analyze and provide clear guidelines when using MHA for spectral analysis of EAM in CNS and ECGI. A preliminary study of the anatomical and electrical feature scaling effects was recently presented in [10] , whose results are here extended by evaluating two more types of scaling and also assessing the impact of the scaling in the EAM spectral properties. On the other hand, and taking into account that cardiac bioelectric activity is strongly linked and dependent on the underlying arrhythmic mechanism, we also scrutinized the impact of different arrhythmia mechanisms on EAM by using the Spatial Sampling Rate (SSR) to evaluate its potential usefulness defining the number of required anatomical samples during CNS or the resolution attainable in ECGI systems. With this same purpose, we also studied the spatial smoothness on the anatomical and EAM spectrum (low-pass filtered EAM), in a similar way that one-dimensional spectral analysis provides operative and well-defined quantitative criteria to analyze the smoothness in one-dimensional cardiac signals. For all these analyses, we used three sets of data: (1) a simple and synthetic tear-shaped mesh example with a feature projected on it; (2) detailed simulations of a temporal series of potential EAM during an atrial tachycardia (AT), and activation time EAM during a sinus rhythm (SR) and a flutter arrhythmia (FL) in both atria; (3) a set of real EAMs registered in the left atrium (LA), left ventricle (LV), and right ventricle (RV) of patients undergoing therapy supported with CNS.
The rest of the paper is structured as follows. In the next section, we summarize the theoretical framework of MHA for 2-manifolds, and its extension for spectral analysis in EAM that are usually informative in the setting of EPS and cardiac arrhythmia ablation support. In Section III, spectral representation and analysis, SSR, and EAM reconstruction are assessed for simulated and real EAMs. Finally, in Section IV, discussion and conclusions are summarized.
II. MATERIALS AND METHODS
A summary explanation of the theoretical framework for MHA and its computation is first presented. Then, a new and simple methodology is proposed to estimate the spectral representation of EAMs, and to establish a cut-off frequency to determine the SSR according to the quality of the reconstructed EAM. Also, the need of a scaling is pointed out when different orders of magnitudes and units are mixed in the definition of the vertex coordinates. Finally, we present the materials (simulated and real EAMs).
A. Manifold Harmonics
Although the traditional spectral analysis is based on the FA, the FT of a signal cannot be directly applied to manifold with arbitrary topology. The classical FT uses a fixed set of basis functions, and it can be seen as a linear combination of the Laplace Operator eigenvectors [11] . However, the eigenvectors, which represent the Fourier basis for manifold meshes, are dependent on the mesh topology.
Among the different approaches proposed to define the Laplacian in a manifold, the discrete Laplacian operator (or geometric Laplacian) takes into account not only the connectivity between vertices, but also the manifold geometry [7] . Let be f a twicedifferentiable real-valued function, then the Laplacian of f is defined by the divergence of its gradient as:
The Laplace-Beltrami operator (LBO) allows to extend the Laplacian to the function f defined over a Riemannian or pseudo-Reimannian manifolds with metric g as [12] :
where ∂ i denotes differentiation with respect to the i-th coordinate function, |g| is the determinant of g, and g ij is the (i, j) component of the inverse of g [13] . The discrete exterior calculus simplifies the calculations of the LBO on manifolds by defining the Laplace-de Rham operator (LRO), which is equivalent to LBO for functions on a manifold (0-forms) [14] . Following the approach proposed by [8] the LRO, Δ, is defined as:
where Δ, is a n × n matrix, where n is the number of vertices; v i = (x i , y i , z i ) and v j = (x j , y j , z j ) are spatial vertices linked by an edge; β ij and α ij are the opposite angles to the edge between v i and v j ; N (v i ) is the 1-ring first-order neighbors of v i ; and |v i | is the area of the Voronoi region of the vertex v i in its 1-ring neighbor [15] . This LRO uses a symmetrized cotangent scheme to have positive eigenvalues and orthogonal eigenvectors [16] .
The eigenfunctions of the Laplace operator on a manifold, socalled Manifold Harmonics, define the eigenvectors and eigenvalues
where k = (1, . . . , n), H k are an orthonormal basis (Manifold Harmonic Basis, MHB), and the eigenvalues λ k are directly related to the spatial frequency as w k ≈ √ λ k , and inversely to the edge length [8] . Lower (higher) eigenvalues λ k correspond to lower (higher) frequencies, and hence, longer (shorter) edges.
The Manifold Harmonic Transform (MHT) projects the coordinates of the vertices onto the orthonormal basis (H k ), hence transforming the the spatial domain into a frequency domain. The vertices projections are called spectral coefficients and they can be computed
The reconstruction of the original mesh can be obtained by computing the inverse of MHT asv
where m is the number of coefficients used for reconstruction. As lower eigenvalues (and their associated eigenvectors) correspond to the general shape of the mesh (lower frequencies), a low-pass filtered shape of the mesh is obtained for m << n. The original mesh is reconstructed when m = n [8] .
To our knowledge, the decision of the number of lower frequency bands, i.e. cut-off frequency, and hence the suitable SSR to provide appropriate spatial sampling criterion according to the Nyquist limit, has been mostly done to date in terms of heuristic estimation, rather than in terms of spectral quantitative criteria.
B. SSR Estimation With MHA
We proposed a method to estimate the SSR in cardiac EAMs by extending the previously described MHA. For this purpose, and given that the methodology defined in Section II-A only takes into account the geometry (anatomy) to obtain the mesh spectrum, we extended the MHA formulation up to the fourth dimension, corresponding to the cardiac feature in EAMs.
Following the formulation proposed by [8] , the couple {H ke , λ ke } is obtained now by computing the eigenfunctions of Eq. (3), but vertices are now defined as u = (x, y, z, h), where h is the cardiac feature (such as activation time, unipolar or bipolar voltage amplitude) measured at vertex with Cartesian coordinates (x, y, z). The new Δ e matrix is now defined as:
where Δ e , is also a n × n matrix; u i = (x i , y i , z i , h i ) and u j = (x j , y j , z j , h j ) are vertices linked by an edge; β ij and α ij are the opposite angles to the edge between u i and u j ; N (u i ) is the 1-ring first-order neighbors of u i ; and |u i | is the area of the Voronoi region of the vertex u i in its 1-ring neighborhood.
Once the MHT is computed, and spectral coefficientsâ ke are obtained for both anatomy and EAM features, the steps for estimating the SSR are the following: 1) Compute n EAM reconstructions by gradually increasing m from 1 to n in Eq. (5). The larger m, the better similarity between reconstructed and original EAMs, which can be quantified by the accumulated normalized correlation coefficient (ANCC) for each j-th element of u, as follows,
where cov and var denote covariance and variance, respectively; j corresponds to each dimension, i.e. x, y, z, and h; m is the number of components considered for the reconstruction;û j m is the j-th element ofû m in Eq. (5); and u j is the j-th element of the original vertices. C j (w m ) allows us to quantify the quality of the reconstructed EAM.
2) Select the cut-off frequency w c such that ANCC for all dimensions exceeds certain threshold. This value will be denoted from now on as C w c .
The cut-off frequency encompasses the lowest spectrum components providing the general shape of the EAM. The threshold represents a quality measurement of the reconstructed EAMs. This quality will be strongly dependent on the application. 3) Obtain the edge length L for the selected w c , given by L = 1/w c = 1/ √ λ c . 4) By assuming the mesh is composed of equilateral triangular faces of edge length L, obtain the triangle area as
Since the number of faces is approximately twice the number of vertices, the SSR can be estimated by
where A T is the total surface area obtained as the sum of all original face areas. The use of SSR throughout the paper was chosen to provide a consistent measurement for the bandwidth. In other words, rather than using w c , which includes mixed nature physical units (spatial and feature), the SSR give an idea on the number of spectral samples to be measured for the description of the changes in the EAM. Note that the assumption of equilateral is a simplification for giving an operative numerical approximation. The hypothesis of equilateral triangular faces will certainly result in a SSR higher than the original number of vertices when the EAM has a great variation of the edge-lengths. The higher the number of vertices, the best this hypothesis will be accomplished.
In addition, a normalized spectrum is computed to have a representation valid for comparing the spectrum of different EAMs. The EAM spectrum for the j-th element of u is computed through the normalized correlation coefficient S j between the j-th element of original vertices u andũ k =â ke H ke (projection of the k-th spectral coefficient in its k-th MHB), i.e.,
The frequency associated to the k-th eigenvector is given by w k . Note that S j is a normalized version of the |â ke | coefficients. In this new approach, different orders of magnitudes and units are mixed, such as, length units for the geometry and voltage or time units for the feature in EAMs. Therefore, it makes necessary to scale the vector u in order to reduce the impact of a dominant dimension in the calculation of the eigenvectors and eigenvalues of Δ matrix. Fig. 1 shows an example of the different orders of magnitude effect in a synthetic tear-shaped mesh. Fig. 1(a) represents a tear-shaped mesh, and its flattened version, as a result of dividing the z-coordinate by 1321 (random number). Fig. 1(c) shows the spectra of the tear-shaped mesh (left) and the flattened version (right). Vertical lines establish the required w c to have the C(w c ) value marked with the corresponding arrow. Note that the spectral profile has a marked low-pass character, hence higher correlations were obtained for low frequencies. However, the w c is significant higher for the flattened mesh due to the w is inversely related to the length of the edges and the flattened tear-shaped mesh has shorter edges. This effect has a direct consequence in the SSR as shown Fig. 1(b) , for instance, meanwhile w c ≈ 0.25 and SSR = 237 for C(w c ) = 0.99 in the original mesh, w c ≈ 2 and SSR = 7032 in the flattened mesh. Fig. 1(d) shows the reconstruction of both meshes (the flattened tear-shaped mesh was re-sized after reconstruction) using This procedure can be now readily applied for analyzing EAMs in CNSs, as far as they are a collection of vertices and faces with associated electrical information.
C. Databases for SSR Validation
Different databases have been used for validation of the proposed methodology in selected case studies. The SSR was first obtained in simulated EAMs: two activation time EAMs in a SR, and a FL, and a temporal series of potentials EAMs in an AT arrhythmia [17] . Simulations were provided by a model of the atria (right and left), composed of a set of nodes simulating the cardiac electric propagation [18] . All nodes were used as vertices in a mesh, and a cardiac feature (time activation) was associated to each vertex by processing the EGM registered at each node. Time activation was obtained by taking a vertex as a reference and computing the time difference between the maximum deflection of each EGM and the maximum deflection of reference EGM in a window of interest (beat length). The potentials were obtained by taking the maximum voltage at each vertex for different time instants. The right (left) atrial mesh was composed by 18183 (21538) vertices. Finally, real bipolar voltage amplitude and activation time EAMs from CNS (Carto, Biosense Webster) from patients referred to EPS, were also analyzed in this section. These EAMs belong to 1 LA, 4 LVs, and 4 RVs, and they were composed by 1464.5 ± 971.9 vertices (mean ± standard deviation). This work is a retrospective study without influence on patient management and the EPS procedure. The real EAMs used during the EPS were not designed for this study, but they were collected some time afterwards the EPS. The patient confidentiality and anonymity were ensured during all the study.
III. RESULTS
A set of experiments are next presented to calculate the spectra, and suitable values of SSR on EAMs with the proposed MHA-based methodology in different datasets. In this section, different scalings are assessed in order to select the most appropriate one for the spectral analysis. Besides, the SSRs, the spectra, and the EAM reconstructions are computed for simulated and real EAMs, which include both anatomy (geometry) and features, during different heart rhythms.
A. Evaluation of Scaling
We analyzed the effect of different scaling schemes in the spectrum, EAM reconstruction, and SSR when different orders of magnitudes and units are mixed in the coordinates of the EAM vertices. Previous to the scaling, every dimension was centred to zero mean value. Specifically, we evaluated three scalings: S1, unit standard deviation for each dimension; SMG, the same standard deviation for each dimension, obtained as the average of the standard deviation of all dimensions; SH, just scaling the feature dimension with the average of ratio between every spatial dimension (x, y, and z) and the feature dimension. Although, this last scaling focused on the feature dimension (different units and probably orders of magnitudes), it can be used to scale other dimensions by just changing the feature dimension with the dimension to scale.
First, we evaluated the scaling in the flattened tear-shaped mesh [ Fig. 1(a) ] presented in the previous section. Fig. 2(a)-(c) show the spectrum and the corresponding w c for three different C(w c ) (0.95, 0.99, and 0.999) applying the S1, SMG, and SH scaling to the flattened tear-shaped mesh, respectively. Note that the cut-off frequencies for SMG and SH scalings were quite similar to the original one [see Fig. 1(c)] ; however, the shapes of the spectra were quite different due to the scaling modified the spectrum of all dimensions. The spectrum with S1 scaling had the same shape as the spectrum with SMG scaling, but w c was higher for the same C(w c ). This effect was a consequence of the smaller size of the S1 scaling mesh (each dimension is divided by its unit standard deviation), hence, the length of the edges was also smaller and w c higher. Given that S1 scaling method reduces the size of the mesh surface, the SMG scaling method has the purpose of maintaining the original (spatial) size of the mesh. Therefore, w c values for the SMG spectrum were similar to the spectrum of the original (non-scaled) mesh. Fig. 2(d) shows the SSR of the original and the flattened tearshaped mesh with S1, SMG, and SH normalization, and without normalization. SSRs of normalized flattened tear-shaped meshes were similar to the original tear-shaped mesh, meanwhile SSR of non-normalized mesh was higher than the original one. Fig. 2(e) shows the reconstruction for C(w c ) ≈ 0.95, C(w c ) ≈ 0.99, and C(w c ) ≈ 0.999 with S1, SMG, and SH scaling. Note that the scaling was reverted and the z-coordinate was re-sized in these reconstructions for comparison purposes. While similar reconstructions were obtained with S1 and SMG scalings, lower quality reconstruction was yielded for SH scaling.
In the next example, a feature was projected above the surface of the tear-shaped mesh in order to simulate an EAM. This feature mimicked two foci of activation in a cardiac chamber [see the first EAM in Fig. 3(f) ]. Fig. 3(a)-(d) show the spectra of the 2-foci-EAM without scaling (a), with S1 (b), with SMG (c), and with SH (d) scalings. The spectral shapes of S1 and SMG scalings were similar; the spectrum with S1 scaling was wider than the spectrum with SMG due to the lower size of the S1 scaled EAM. For C(w c ) ≈ 0.99, the w c was higher for the non-scaled spectrum than SMG and SH scaled spectra. As a consequence, the non-scaled EAM yielded a extremely higher SSR (values of 8500 for a C(w c ) ≈ 1 when this mesh had 1000 vertices). Considering the black horizontal line in the Fig. 3(e) , C(w c ) ≈ 0.609 for a SSR = 167 in the non-scaled EAM, C(w c ) = 0.978 for a SSR = 145 in the S1 and SMG scaled EAM, and C(w c ) = 0.94 for a SSR = 150 in the SH scaled EAM. These results showed that better quality of the reconstructed EAM was obtained using few vertices with the S1 or SMG scalings. For the previous SSR values, Fig. 3(f) shows the original EAM and the reconstructed EAM without scaling, and with S1, SMG, and SH scaling. Higher quality meshes were also illustrated in the reconstruction with S1 and SMG scalings. The SH scaled reconstructed EAM had a significant lower number of components, this reconstruction considered C(w c ) = 0.923, resulting a SSR = 96; the addition of one extra component increased the SSR to 206. Therefore, S1 or SMG scaling seems to be the best approach to estimate the SSR in EAM. In the following, the SMG scaling will be considered in results and figures.
B. SSR Estimation for Simulated EAMs
SSR of detailed simulated EAMs were estimated for both anatomy and features by using the MHA-based methodology, specifically, two activation time EAMs for both atria during simulated SR and FL, and a temporal series of potential EAMs for the LA during a simulated AT.
EAM were transformed into a spatial frequency space by computing the MHT, and the SSR was estimated using the proposed methodology. Fig. 4(a)-(d) show the spectrum associated to time activation EAM for a SR in the RA (a) and the LA (b), and for a FL in the RA (c) and the LA (d). For the LA, the projected feature changed smoothly in both SR and FL (the electric wavefront was spread through the atrium in a normal pattern, faster for the FL), hence, similar w c was obtained in both rhythms. On the contrary, the wavefront was rotating around the right atrial valve in the FL and generating step boundaries in cyclic representations of the EAM. This phenomenon is known as "early-meets-late" and it produced a more widespread spectrum due to the fast variations of the feature (high frequencies). Although the feature varied also smoothly in the RA for the SR, a difference of the w c was obtained for SR due to the higher complexity of the LA anatomy (considering that veins introduce high frequencies). These differences in w c are clearer shown in Fig. 5 , where the highest values of SSR were required for FL in the RA, meanwhile the lowest SSRs were required for the SR in the RA. For LA, both rhythms needed similar values of SSR. For example, for a C(w c ) ≈ 0.99, the SSRs were 207 in the RA and 267 in the LA for SR and, 247 in the LA, and 357 in the RA for the FL. The differences in the complexity of the right and left atrial anatomy are also shown in Fig. 5 . The spectrum of the right and left atrial anatomy was barely modified during SR, because of the feature on it had a smooth variation. Therefore, the higher SSR values of LA than RA were due to the greater complexity of the left atrial anatomy. Fig. 4 (e)-(h) show the original (upper panels) and the reconstruction (bottom panels) of the time activation EAMs in the RA (e) and the LA (f) for a SR, and in the RA (g) and the LA (h) for the FL with C(w c ) ≈ 0.99. Reconstructions showed that the veins were partially removed due to the high frequencies at their borders; however, the feature was reconstructed with a high quality, and the "early-meets-late" was clearly represented in the FL of the RA, which showed the direction of the electrical impulse movement. 6(a) shows the two faces of a temporal series of potential EAMs in the LA during AT. The sequence had a duration 300 miliseconds (ms) and the snapshots were taken each 50 ms. Fig. 7 shows the SSR for different C(w c ) in the LA during the AT. The pair of time instants t 0 + 100 ms and t 0 + 300 ms had similar values of SSRs due to they had similar patterns of potential maps. The time instants t 0 + 50 ms and t 0 + 250 ms also had similar patterns of potential map and SSRs; however, SSRs were lower than for t 0 + 100 ms and t 0 + 300 ms because the EAMs for t 0 + 50 ms and t 0 + 250 ms were smoother. Finally, the lowest SSR values were for t 0 ms, t 0 + 150 ms, and t 0 + 200 ms, whose EAMs were the smoothest. Fig. 6(b) shows the two faces of the temporal series of reconstructed potential EAMs in the LA during AT using C(w c ) ≈ 0.99. Reconstructions showed a high quality propagation patterns of the electrical wavefront, although the veins were partially removed (high frequencies). SSRs were 1251 for t 0 + 100 ms, 1193 for t 0 + 300 ms, 776 for t 0 + 250 ms, 573 for t 0 + 50 ms, 313 for t 0 + 200 ms, 296 for t 0 + 150 ms, and 292 for t 0 ms, which corresponded to the complexity of the potential map: the higher EAM complexity, the higher SSRs.
C. SSR Estimation for Real EAMs From CNS
Real bipolar voltage amplitude and time activation CNS EAMs of 1 LA 4 LVs, and 4 RVs were analysed by following the proposed methodology. Table I shows the SSR for C(w c ) ≈ 0.99, C(w c ) ≈ 0.95, and C(w c ) ≈ 0.90. The SSR was very dependent on the type of EAM, for example, meanwhile the SSR for LA was 292 when C(w c ) ≈ 0.99, the SSR for LV-1 was 1647. The explanation to this example is shown in Fig. 8(a) , which represents the spectra of both EAMs (LV-1 in the left panel, LA in the right panel). The spectrum of LV-1 EAM was more spread than that of LA EAM, likely due to the higher variation of the feature in the first one [see Fig. 8(b) and (c)]. However, the required w c and SSR could be different according to the specific EAM, for example, in this case, the w c of activation time EAM of LV-1 was higher than the bipolar one (SSR = 1647 for activation time EAM, SSR = 352 for bipolar voltage EAM), meanwhile it was the opposite for the LA (SSR = 292 for activation time EAM, SSR = 845 for bipolar voltage EAM). 
IV. DISCUSSION
Here, a simple methodology based on MHA has been proposed for spectral analysis of detailed EAM provided by CNS and ECGI. Existing MHA formulations were only defined for 2-manifold, and we have extended this definition for its usefulness in EAM, which include not only anatomical information but also a cardiac bioelectrical feature measured at each vertex. In preceding works, a simple, yet theoretically well principled method was presented for EAM spectrum representation from MHA [19] , [20] . Nevertheless, little attention has been paid to the issue of different order of magnitudes and units among anatomical and physiological features (such as mV for voltage amplitude maps, or ms for activation maps). As the matrix operations involved in MHA are related to eigendecomposition operators working on mixed measurements, their different orders of magnitude and units can be expected to have noticeable impact on the spectral magnitudes estimated with this technique.
It important to note that the purpose of our work was not to provide a specific clinical example of application, but rather it was to provide with a principled methodology starting from spatio-temporal MHA in several descriptive situations, including different underlying arrhythmias. To our understanding, there are a vast number of clinical applications that can be addressed with advantage from principled spatio-temporal FA. Some examples can be the following.
(1) In previous generations of sequential intracardiac navigation systems, a long time was required for assembling a set of measured points. Therefore, it would have been desirable to be able to predict with some few relevant points the global activation of the cavity and the arrhythmia mechanism, or at least, to determine in which regions the activation could be of low interest, and in which regions things are interesting as for measuring more points. Relevant sampling techniques could be proposed from principled spatio-temporal signal approaches to reduce and guide the number of required points in a patient procedure.
(2) In current sequential navigation systems, we are no longer in a situation of having some few, high-quality, humansupervised spatio-temporal points, but rather we have now a massive spatial sampling. But now we need to build systematic algorithms for discarding those low-quality or inadequate points, for instance due to loose contact. It seems also clear that the single-signal analysis or the heuristic algorithms will be suboptimal for this purpose when facing the signal quality interpretation of some thousands of spatial signals on an anatomical point grid.
(3) Additionally, we have that in early generations of navigation systems we could be quite insecure in general of being measuring a sufficient number of spatial points to capture all the relevant information in a given arrhythmia mechanism. But now, with current systems, we can think on establishing clear sampling criteria, such as the well-known Nyquist limit, so that we can work with solid calculations of the required number of points for mapping a spatial area and being sure that we are capturing the information of interest.
While we did not present any result for the two first points, we focused here in the last one, as far as the SSR is, to our best understanding, a very basic measurement. As far as the Nyquist limit in conventional digital signal processing is used for a statistical descriptions of signals in the field, the SSR here was addressed from a variety of arrhythmia mechanism examples.
Finally, several limitations can be pointed out in the proposed methodology. Only some representative case studies (namely, 2 simulated activation time EAMs, a temporal series of potential EAMs, and 9 CNS EAMs) have been used here for validation purposes. However, the actual benefit for the clinical practice will be supported by extended studies for different arrhythmias in simulated and real EAM in CNS and ECGI. The SSR was estimated with the underlying assumption of uniform spatial sampling for yielding the edge length as a summary result for a given chamber (equilateral triangular faces), which is only a valid assumption for a large enough number of vertices. However, both current CNS and ECGI are very densely sampled, hence the assumption would be achieved in most of the cases.
V. CONCLUSION
The proposed methodology allows us to show the strong SSR dependence of simulated and real EAM on both the arrhythmia mechanism and the cardiac anatomical structure. When analyzing simulated activation time EAMs, FL in the RA apparently required a higher SSR due to the "early-meets-late" phenomenon, which generates high variation of the feature (high frequencies). On the other hand, activation time EAM in the RA required similar SSR during SR and FL due to the smooth variation of the feature in the EAM. For real EAMs, the SSR was very dependent on the arrhythmia mechanism and the type of the EAM (bipolar or activation time). The proposed MHA methodology opens the field towards a new set of fundamental tools for principled spatio-feature spectral analysis of EAM and improved knowledge on arrhythmia mechanisms.
